ity and the van Genuchten ␣. In this study, we apply this approach to measurements of wetting front advance
bance to the medium in which the measurements are the hydraulic conductivity. We demonstrate that unique determination made. Ideally, this method would allow for profiling of the van Genuchten ␣ and n parameter is not possible with BGPR and mapping of the hydraulic properties. data alone; at least one pressure head measurement in the dry range Many geophysical methods are nonintrusive (mea-(early time) is required. We employ a nonlinear least squares paramsurements made at the ground surface) or minimally eter estimation code to obtain the optimal ␣ and n parameters for intrusive (measurements made within a borehole). As synthetic data. The method could potentially be applied to areas a result, these methods are good candidates for obof artificial recharge in an infiltration basin, natural recharge in an taining the measurements needed to infer hydraulic ephemeral stream, or agricultural settings where the surface is flooded properties (e.g., Binley et al., 2002; Hubbard et al., 1998;  with irrigated water. Yeh et al., 2002) . In addition, many of these methods are rapid and measure over scales of interest that are more representative for field scale characterization of S oil hydraulic functions, such as those that describe vadose zone processes. Finally, borehole methods can the unsaturated hydraulic conductivity, soil-water offer high resolution profiling of hydrologic properties retention, and soil-water diffusivity as functions of presto great depths, which may lead to the ability to profile sure head, partially govern the movement of water in soil hydraulic properties. High frequency electromagan unsaturated soil during absorption, infiltration, and netic techniques, such as ground penetrating radar (GPR) drainage. Modeling of a wetting front during infiltration, and time domain reflectometry (TDR), provide robust for example, requires knowledge of these parameters indirect measurements of the volumetric water content to solve the Richards' equation (Richards, 1931) of unwithin their sample volume through the empirical corresaturated water flow in porous media. With traditional lations with the dielectric permittivity (e.g., Topp et al., direct laboratory methods, the parameters are time-con-1980). Low frequency or direct current electrical methsuming to measure and require restrictive initial and ods can also provide information regarding the volumetboundary conditions (Hopmans and Simunek, 1999;  ric water content through correlation with the electrical Lambot et al., 2002) . Several researchers have presented conductivity (Archie, 1942) . However, this correlation improved methods to infer soil hydraulic properties is less unique than the correlation between dielectric through inverse procedures, for example, Warrick (1993) permittivity and volumetric water content, because elecand Inoue et al. (1998) . We adopt the method of Warrick tric conductivity also depends on tortuosity, electrical (1993) in which the forward model uses the simplified conductivity of the soil matrix and electrical conductivanalytical representation of water flow given in Warrick ity of the pore water (de Lima and Niwas, 2000). et al. (1985) . Warrick (1993) discusses how measure- Rucker and Ferré (2004b) demonstrated that BGPR ments of the wetting front position with time made in the in zero-offset profiling (ZOP) mode could be used to laboratory, together with an assumed van Genuchten n monitor the advance of a wetting front. They showed can be used to deduce the saturated hydraulic conductivthat when critical refraction of the electromagnetic waves is considered, the volumetric water content pro- 
Flow Model
The one-dimensional vertical flow of water in a homoge-
neous unsaturated soil is governed by:
The dimensionless boundary and initial conditions are:
where is the volumetric water content (cm
water diffusivity (cm 2 s Ϫ1 ), and K is water content dependent hydraulic conductivity (cm s Ϫ1 ). Equation [1] is referred to as and the -based Richards' equation (Warrick, 2003) and is nonlinear because both D and K are functions of the water content.
For infiltration into a soil of initially uniform volumetric water content, the following boundary and initial conditions can The dimensionless series solution for Z is: be assumed:
The series solution is valid for small times, T Ͻ T g , where:
and
[13]
where 1 is the imposed volumetric water content at the top boundary when the infiltration begins and 0 is the background volumetric water content. Philip (1957a) developed an analytical solution to Eq.
[1] and proposed that the Boltzmann transFor late times (T Ͼ T g ) it has been shown that the surface form be modified to account for gravity during vertical infilintake approaches a constant value. The wetting front retains tration: a constant shape that moves downward at an approximate rate,
, of (Philip, 1957a; Warrick, 2003) : The term z ϭ t 1/2 is the Boltzmann transform (Klute, 1952) used to solve the diffusion equation and the remaining terms
in Eq.
[3] are corrections for the gravity term, ‫ץ‬K()/‫ץ‬z. The coefficients , , and are ordinary integrodifferential equaFor T Ͼ T g , the dimensionless solution of Eq.
[12] is tions that are evaluated through numerical integration (Philip, 1969) . Kirkham and Powers (1972) and Warrick (2003) show
how to obtain all three coefficients. Warrick et al. (1985) used the concept of similar media to
scale the parameters , z, t, and K to dimensionless forms. A large class of hydraulic functions, including the functional forms of K() and h() presented by van Genuchten (1980) Borehole Radar Travel Time Model and Brooks and Corey (1964) , can be written in dimensionless forms: Borehole ground penetrating radar sends, via a transmitting antenna, unguided electromagnetic (EM) pulses from within
a borehole into the surrounding subsurface (e.g., Davis and Annan, 2002) . A receiving antenna in a parallel borehole records the amplitude of the pulse (in volts) as a time series. The travel time of the first arriving energy is interpreted from the
time series. The travel time () of the EM pulse can be related to the dielectric permittivity of the medium, which is directly related to the volumetric water content (), for example:
where c is the speed of light, l is the distance over which the EM wave travels, and a and b are empirically derived fitting functions (Ferré et al., 1998) . The term c l is equal to the
square root of the relative apparent dielectric permittivity. In ZOP mode the transmitting and receiving antennae are located at a common depth for each measurement. It is commonly assumed that all travel times are associated with direct Substitution of the slowness and identities for the trigonometwaves that travel along a horizontal path from the transmitter ric functions, Eq.
[17] and [18] can be written as (Rucker and to the receiver. However, Rucker and Ferré (2003) 
where x is the antennae separation and v 1 is the electromagConsider a time series of ZOP BGPR measurements made netic propagation velocity of a moist soil. Critical refraction during the advance of a wetting front. The center of each may occur when an EM pulse is generated in a layer of relaantenna is located at a fixed depth for the duration of the tively low propagation velocity adjacent to a higher velocity experiment. It is also assumed that the antennae are not lolayer. Under these conditions, the fastest travel path may be cated near a refracting boundary before infiltration begins. associated with energy that travels along a nonhorizontal path That is, the first arriving travel paths before and long after to the boundary, then horizontally along the boundary at a infiltration are direct. Figure 1 shows a conceptualization of higher velocity. The critically refracted travel time of a pulse the infiltration experiment and associated ZOP BGPR meathat is generated in low velocity (high water content) layer surements. When the position of the wetting front is above (v 1 ) relative to an adjacent high velocity (low water content) the antennae, the first arriving travel path is direct (Fig. 1A) . layer (v 0 ) is (Rucker and Ferré , 2003) :
As the wetting front moves past the antennae, the EM wave will refract critically at the edge of the front (Fig. 1B) . Critical refraction will continue until the wetting front has moved past
the antennae by a distance equal to the refraction termination depth (Rucker and Ferré , 2003) (Fig. 1C) . Thereafter, the first where z is the vertical distance of the antennae from the arriving energy will be direct. boundary that divides the two layers and
Parameter Estimation
To estimate the hydraulic properties from BGPR travel time measurements, the analytical water flow model is used is referred to as the critical angle. Equations [17] and [18] can be simplified by using the reciprocal of the EM propagation to predict the volumetric water content profile as a function of time for a given set of hydrologic parameters. The first velocity, that is, slowness (s ) (Sheriff and Geldart, 1995) . Additionally, the terms cos(i c ) and tan(i c ) can be written as arriving BGPR travel time profile is then determined as a function of time from these volumetric water content profiles.
Finally, an optimization model is used to identify the set of hydrologic parameters that minimizes the difference between the observed and simulated first arrival travel times. These differences are expressed in the following objective function, E(␤):
where p is the observed first arrival travel time from Path p (either direct or critically refracted) at time t j , p is the modeled first arrival travel time from path p at time t j subject to the soil hydraulic parameters ␤ ϭ {␤ 1 , ␤ 2 , ␤ 3 ,…} (e.g., K s , ␣, and n ), and w is the weights formed by the measurement error. 
In the previous examples, the soil hydraulic properties were homogeneous and the wetting front moved at a constant velocity throughout the profile. In more realisHydraulic properties of ␣ ϭ 0.01 (cm Ϫ1 ), K sat ϭ 0.0006 tic media, where the profile may contain many layers of (cm s Ϫ1 ), n ϭ 2, r ϭ 0.1 (cm 3 cm Ϫ3 ), and s ϭ 0.45 different hydraulic properties, the wetting front velocity (cm 3 cm Ϫ3 ) were assigned to represent a loam soil. The can change as it passes through layers of different matebackground volumetric water content was 0 ϭ 0.17 (cm 3 rials. The average velocity in a layered profile, then, cm Ϫ3 ) and the volumetric water content imposed at the will depend on the hydraulic conductivity of a particular surface was 1 ϭ 0.45 (cm 3 cm
Ϫ3
) to represent infiltration layer (Whisler et al., 1972) . As an example, consider at full saturation with no ponding. Near saturation, the water infiltrating into a loam soil of low hydraulic convalue for D* was estimated following the approach of ductivity overlying a sand soil with a relatively higher Warrick et al. (1985) . For all T Ͻ T g (T g ϭ 0.611) Eq. hydraulic conductivity (Fig. 3A) . The position of the [12] was solved for Z(S e,T ). To obtain the volumetric wetting front is plotted in time; the slope of the wetting water content as a function of time and depth, the defront position at any time is equal to the wetting front pendent variable was mapped to S e (Z,T) through intervelocity at that time. In the loam, the velocity of the polation and to (z,t) by transformation using Eq. [4] wetting front is slower than in the sand. For comparison through [8] . Equation [15] was used for late times and with the layered case, the wetting front position is plotthe volumetric water content profile was obtained by a ted for a homogeneous sand soil. The slopes of the similar procedure as above. The modeled volumetric wetting front positions are parallel in the sand (once water content profiles through time were interpreted the wetting front has moved away from the boundary). with a ZOP BGPR forward model (Rucker and Ferré , As a second example, a gravel of relatively large hydrau2004c) to determine the first arrival travel time at 1.5 m below ground surface (bgs) as a function of time.
lic conductivity overlies the sand soil. The speed at which time profiles. The inferred hydraulic properties could then be compared with known property values. The travel times at the beginning and end of the infiltration experiment (Fig. 2) , when the EM wave path were direct, were converted to volumetric water content using an empirical calibration equation (Ferré et al., 1996) :
where v air is the EM velocity of propagation in air (0.3 m ns Ϫ1 ). From the travel times shown on Fig. 2 
For infiltration at full saturation, 1 ϭ s and Eq.
[32] yields K sat . Using linear regression, the slope of the linear travel time increase in Fig. 2 
is 0.0008 (ns s Ϫ1
). Since the data tained from field measurements, it is suggested that a proper error analysis be conducted. The slowness values the wetting front moves through the gravel is greater at the beginning (s 0 ) and end (s 1 ) are calculated from than the sand, but is again constant in each layer. This Eq.
[21] and [29] for the antennae separation of 3 m demonstrates that while the average wetting front velocused to create the synthetic first arrival travel time proity through a layered soil is influenced by all of the files: s 1 ϭ 53.67 ns/3 m ϭ 17.89 (ns m
Ϫ1
) and s 0 ϭ 10 media through which the wetting front has passed, the (ns m Ϫ1 ). The calculated K sat using Eq.
[32] is 0.00075 instantaneous wetting front velocity at a given depth is (cm s Ϫ1 ), which shows good agreement with the value associated with the material properties at that depth, as used in the forward model (0.0006 cm s
). The differlong as that depth is not immediately adjacent to a ence between the calculated and modeled K sat is due to boundary between soil layers. the approximation of the wetting front velocity in Eq. The time series of the BGPR first arrival travel time [14] , as shown by Philip (1957b) . was calculated for each of the three cases above To determine whether this inverse procedure can be (Fig. 3B) . For the loam/sand soil combination, the arused to determine uniquely the van Genuchten ␣ and rival of the wetting front was later than in the homogen parameters, we examined the error surface in ␣ vs. n neous soil, shown as a time lag between the two first space in a manner similar to that used by Hopmans et arrival travel time curves. The lag, however, does not al. (2002) (Fig. 4) . That is, the first arriving travel time affect on the shape of the first arrival travel time breakas a function of infiltration time was calculated for many through curve.
combinations of ␣ and n with a fixed value of K sat using the forward water flow and ZOP BGPR models. The
Parameter Estimation with No Supporting
error for each parameter combination was defined as
Pressure Head Data
the logarithm of the root mean square error (RMSE) between the first arrival travel time series for a base The first stage of testing of the utility of BGPR meacase with ␣ and n of 0.01 cm Ϫ1 and 2, and the series surements for inferring hydraulic properties involved inversion of the synthetically derived first arrival travel determined for the parameter combination: Simulation A1, with n ϭ 2 and K sat determined from RMSE ϭ
[33] Eq.
[32] gives an ␣ value of 0.0077 cm Ϫ1 , with a 95% confidence interval of Ϯ0.0003. The estimated value is slightly lower than the value used in the forward flow The error surface indicates that there is no unique simulation (0.01 cm Ϫ1 ). For Simulation A2, n was 2 and combination of ␣ and n that give the closest fit to a K sat was decreased to 0.00065 cm s
Ϫ1
; this resulted in an measured time series of wetting front locations. That is, increase in ␣ to 0.0136 Ϯ 0.0003 cm
, which slightly the solution is non-unique based solely on wetting front exceeds the correct value of 0.01 cm
. For simulation travel time measurements. Specifically, there is a curved A3, n was set to 2.5 and the value of K sat determined valley of minima such that there is a corresponding from Eq.
[32] was used. The fitted ␣ value (0.0116 Ϯ choice of n that will give an optimal fit for any assigned 0.0002 cm
) showed the closest agreement with the value of ␣ (Toorman et al., 1992) . This feature of the known value. Despite the relatively good agreements van Genuchten relationship has been shown previously of the ␣ values with the known value, the retention (e.g., see Simunek and van Genuchten, 1996 and Vrugt curves determined from Simulations A1 through A3 et al., 2001) . Warrick (1993) overcame this non-uniquediffer significantly from the retention curve based on ness by reducing the number of parameters to two (K sat the properties used in the forward model (Fig. 5A ). and ␣) by assuming that n ϭ 2 and r ϭ 0.
Specifically, the curves for simulation A1 and A2 have Following the approach of Warrick (1993) , we assumed values of n and used PEST to determine the the same shape as the correct retention curve, but are offset in the dry range. The higher n value used for value of ␣ for the results shown on Fig. 2 (Table 1) . 
A single pressure head measurement in the dry region of the retention curve is critical in differentiating among the ␣ and n pairs that have equivalent errors (Fig. 5A) . As a result, simulations B1 and B2 include one pressure head measurement at z ϭ 1.5 m bgs and t ϭ 0 s to help resolve the values of both ␣ and n. From Fig. 2 , a value of Ϫ490 cm was assigned for the pressure head. Even though simulations B1 and B2 started from extreme regions of parameter space, they converged to almost identical, accurate predictions of ␣ and n. The retention curves associated with the inverted parameters from simulation B1 (Fig. 5B) show a better match to the retention curve used in the forward model than those determined without a supporting pressure head measurement (Fig. 5A) .
CONCLUSIONS
An analytical unsaturated flow model and an analytical BGPR ray-tracing model were used to evaluate the inversion of hydraulic parameters based on ZOP BGPR measurements made during infiltration. The models predicted a period of increasing travel time with infiltra- Table 1. tion code was coupled with the forward models to invert the hydraulic parameters from BGPR observations with Simulation A3 gives rise to a retention curve with a the objective of minimizing the difference between the very different shape than that of the medium used in modeled and measured first arriving BGPR travel times. the forward simulation.
It was shown that if the wetting front is sharp enough to produce a period of linearly increasing first arrival
Parameter Estimation with Supporting
travel time with infiltration time, then the hydraulic
Pressure Head Data
conductivity behind the wetting front can be determined from the BGPR measurements alone. If the infiltration Several researchers have addressed the problem of rate is too low to produce saturated conditions behind finding the global minimum on a non-unique error surthe wetting front, then an estimate of the effective satuface for hydrologic problems with two or more unknown ration is needed to determine K sat . The van Genuchten parameters (e.g., Finsterle and Faybishenko, 1999; Gribb, ␣ and n parameters cannot be obtained uniquely from 1996; Parker et al., 1985; Si and Kachanoski, 2000) .
BGPR travel time data alone. However, the inclusion Generally, this is achieved through the addition of supof a single pressure head measurement in the dry portion porting data, for example, pressure head at a fixed locaof the retention curve allows for unique inversion of tion. A pressure head measurement can be added to the both ␣ and n. The method as presented in this paper objective function as: only made use of travel time measurements collected at a single depth. However, the speed of profiling that
2 ϩ is achievable with ZOP BGPR would also allow for repeated profiling during the course of an infiltration
[34] experiment to determine the vertical distribution of hydraulic parameters. Thus, this ability of BGPR to collect where h(t) is the measured pressure head, ĥ (t,␤) is the high-resolution water content profiles presents a possimodeled pressure head, u is the weighting or covariance ble advantage of BGPR for hydrologic parameter estimatrix, and A and B are weighting variables to scale mation. the different components of the objective function. AcThe analysis presented in this paper was limited to a cording to Gribb (1996) , these weighting variables should homogeneous synthetic, error-free example to demonbe equal to the inverse square of the mean measured strate a proof-of-concept for using ZOP BGPR travel value to account for unequal units and magnitudes: time measurements to obtain hydraulic properties. The concept directly couples a hydrologic and geophysical
model for a multiphysics representation of the proposed field experiment. Commonly, geophysical data is indirectly incorporated through statistical means, where a and
